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Äëÿ êâàçiäèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ñïåöiàëüíîãî âèãëÿäó ç êóñêîâî-

ñòàëèìè êîåôiöi¹íòàìè i óçàãàëüíåíèìè ïðàâèìè ÷àñòèíàìè â äåêàðòîâèõ, ñôåðè÷íèõ òà
öèëiíäðè÷íèõ ñèñòåìàõ êîîðäèíàò îòðèìàíî ðîçâ'ÿçêè äâîòî÷êîâèõ çàäà÷ ó çàìêíåíié ôîð-
ìi. Öi ðîçâ'ÿçêè âèðàæàþòüñÿ ÷åðåç êîåôiöi¹íòè ðiâíÿíü, ïðàâi ÷àñòèíè òà êðàéîâi óìîâè
i ñïðàâåäëèâi äëÿ äîâiëüíîãî ðîçáèòòÿ âiäðiçêà iíòåãðóâàííÿ.

Êëþ÷îâi ñëîâà: êâàçiïîõiäíà, ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨, ôóíêöiÿ Äiðàêà, ìàòðèöÿ Êîøi,
êðàéîâi óìîâè.

2000 MSC: 34B60

ÓÄÊ: 517.91

I. Îñíîâíi ïîçíà÷åííÿ òà ïîñòàíîâêà
çàäà÷

Ðîçãëÿíåìî îäíîâèìiðíå êâàçiäèôåðåíöiàëüíå
ðiâíÿííÿ (ÊÄÐ)

div (λgrad y) = f. (1)

Óìîâè íà ôóíêöi¨ λ (x) i f (x) áóäóòü íàêëàäåíi
íèæ÷å. Ó äåêàðòîâèõ, ñôåðè÷íèõ òà öèëiíäðè÷íèõ
êîîðäèíàòàõ âiäïîâiäíî ÊÄÐ (1) íàáóâà¹ âèãëÿäó:

(λy′)
′
= f, (2)

(λy′)
′
+

2

x
(λy′) = f, x > 0, (3)

(λy′)
′
+

1

x
(λy′) = f, x > 0. (4)

Íåõàé x0 < x1 < x2 < ... < xn−1 < xn � äîâiëüíå
ðîçáèòòÿ âiäðiçêà [x0, xn] íà n ÷àñòèí.

Íàäàëi âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ:

• Θk � õàðàêòåðèñòè÷íà ôóíêöiÿ íàïiââiäêðèòîãî
ïðîìiæêó [xk, xk+1), òîáòî

Θk(x) =

{
1, x ∈ [xk;xk+1);

0, x /∈ [xk;xk+1).

• δk = δk (x− xk) � ôóíêöiÿ Äiðàêà ç íîñi¹ì â
òî÷öi x = xk;

• BV + [x0, xn] � êëàñ íåïåðåðâíèõ ïðàâîðó÷ ôóí-
êöié îáìåæåíî¨ íà [x0, xn] âàðiàöi¨;

• ∆kφ = ∆φ (xk) = φ (xk) − φ (xk − 0) � ñòðèáîê
ôóíêöi¨ φ (x) ∈ BV + [x0, xn] â òî÷öi x = xk;

• dkx = xk − xk−1;

• y[1] = λy′ � êâàçiïîõiäíà.

Ïðèéìåìî

λ (x) =
n−1∑
k=0

λkΘk, f (x) =
n−1∑
k=0

rkΘk +
n−1∑
k=1

skδk,

äå λk, rk, sk � äiéñíi ÷èñëà, ïðè÷îìó ââàæàòèìåìî, ùî
λk > 0 ∀k = 0, n− 1.

Òîäi ÊÄÐ (2), (3), (4) íàáóäóòü âiäïîâiäíî âèãëÿ-
äó:

(
n−1∑
k=0

λkΘky
′

)′

=

n−1∑
k=0

rkΘk +

n−1∑
k=1

skδk, (5)

(
n−1∑
k=0

λkΘky
′

)′

+
2

x

(
n−1∑
k=0

λkΘky
′

)
=

=
n−1∑
k=0

rkΘk +
n−1∑
k=1

skδk, (6)
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(
n−1∑
k=0

λkΘky
′

)′

+
1

x

(
n−1∑
k=0

λkΘky
′

)
=

=

n−1∑
k=0

rkΘk +

n−1∑
k=1

skδk. (7)

Äî êîæíîãî ç ÊÄÐ (5), (6), (7) ñëiä äîäàòè ñè-
ñòåìó äâîõ ëiíiéíî íåçàëåæíèõ êðàéîâèõ óìîâ, ùî â
çàãàëüíîìó âèïàäêó ¹ íåëîêàëüíèìè, à ñàìå:

p11y0 + p12y
[1]
0 + q11yn + q12y

[1]
n = γ1,

p21y0 + p22y
[1]
0 + q21yn + q22y

[1]
n = γ2,

(8)

äå y
[i]
k = y[i] (xk) , i = 0, 1, k = 0, n, (y[0] = y), à

pij , qij , γi, (i, j = 1, 2) � çàäàíi äiéñíi ÷èñëà.

II. Óçàãàëüíåíà ñèñòåìà äèôåðåí-
öiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó
ç êóñêîâî-çìiííèìè êîåôiöi¹íòàìè

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

Ȳ ′ =

(
n−1∑
k=0

AkΘk

)
Ȳ +

n−1∑
k=0

R̄kΘk +

n−1∑
k=1

S̄kδk (9)

íà ïðîìiæêó [x0, xn] ç ïî÷àòêîâîþ óìîâîþ

Ȳ (x0) = Ȳ 0, (10)

äå Ȳ , R̄k, S̄k � m-âèìiðíi âåêòîðè, Ak (x) � íåïåðåðâíi
íà [xk, xk+1) m ×m ìàòðèöi-ôóíêöi¨ , Ȳ - íåâiäîìèé
âåêòîð, à S̄k i R̄k - ÷èñëîâi âåêòîðè. Íà êîæíîìó ç
ïðîìiæêiâ [xk, xk+1) ñèñòåìà (9) ìà¹ âèãëÿä

Ȳ ′
(k) = AkȲ(k) + R̄k + S̄kδk. (11)

Íàäàëi ââàæàòèìåìî, ùî äëÿ âiäïîâiäíî¨ îäíîði-
äíî¨ ñèñòåìè

Ȳ ′
(k) = AkȲ(k), k = 0, n− 1. (12)

âiäîìà ôóíäàìåíòàëüíà ìàòðèöÿ (ìàòðèöÿ Êîøi)
B (x, s), ùî ìà¹ òàêi âëàñòèâîñòi [1]:

• çà çìiííîþ x âîíà ñïðàâäæó¹ ìàòðè÷íå ðiâíÿ-
ííÿ B′

k (x, s) = AkBk (x, s) ;

• B (s, s) = E, äå E � îäèíè÷íà ìàòðèöÿ;

• ∀x1, x2, x3 ⊂ [xk, xk+1) ñïðàâäæó¹òüñÿ ðiâíiñòü

Bk (x3, x2) ·Bk (x2, x1) = Bk (x3, x1) .

Äàëi ââåäåìî òàêå ïîçíà÷åííÿ: ∀k ≥ i

B (xk, xi)=
k−i∏
j=1

Bk−j(xk−j+1, xk−j), (13)

ïðè öüîìó B (xk, xk) = E.
Ðîçâ'ÿçîê ðiâíÿííÿ (11) íà ïðîìiæêó [xk, xk+1)

øóêàòèìåìî ó âèãëÿäi

Ȳk = Bk (x, xk) P̄k +

x∫
xk

Bk (x, s) R̄kds,

äå P̄k � íåâiäîìèé âåêòîð, ÿêèé âèçíà÷èìî çãîäîì.
Àíàëîãi÷íî çàïèøåìî ðîçâ'ÿçîê ðiâíÿííÿ (11) íà

ïðîìiæêó [xk−1, xk)

Ȳk−1=Bk−1 (x, xk−1) P̄k−1+

x∫
xk−1

Bk−1 (x, s) R̄k−1ds.

Ó òî÷öi x = xk äëÿ ðîçâ'ÿçêó ðiâíÿííÿ (9) ïîâèí-
íà âèêîíóâàòèñü óìîâà ñïðÿæåííÿ [2]

Ȳk (xk) = Ȳk−1 (xk) + S̄k,

ÿêà ïðèâîäèòü äî ðåêóðåíòíîãî ñïiââiäíîøåííÿ

P̄k = Bk−1 (xk, xk−1) P̄k−1+

+

xk∫
xk−1

B (xk, s)R̄kds+ S̄k. (14)

Ïðèéíÿâøè P̄0 = Ȳ 0(Ȳ 0, ìåòîäîì ìàòåìàòè÷íî¨
iíäóêöi¨ ç (14) îòðèìó¹ìî, ùî

P̄k = B (xk, x0) Ȳ
0 +

k∑
i=0

B (xk, xi)Z̄i,

äå ïîçíà÷åíî

Z̄i =

xi∫
xi−1

Bi−1 (xi, s) R̄i−1ds+ S̄i, i = 1, n− 1, (15)

ïðè÷îìó ñëiä ïðèéíÿòè Z̄0 = 0, S̄n = 0.
Îòæå, ìè îòðèìàëè òàêèé ðåçóëüòàò:
Òåîðåìà 2.1. Íà êîæíîìó ç ïðîìiæêiâ

[xk, xk+1) ïî÷àòêîâà çàäà÷à (çàäà÷à Êîøi) (9)-(10)
ìà¹ ¹äèíèé ðîçâ'ÿçîê Ȳk (x) ∈ BV + [xk, xk+1), ÿêèé
ìîæíà ïîäàòè ∀k = 0, n− 1 ó âèãëÿäi

Ȳk (x) = Bk (x, xk)B (xk, x0) Ȳ
0+

+Bk (x, xk)

k∑
i=0

B (xk, xi) Z̄i+

x∫
xk

Bk (x, s)R̄kds, (16)
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Äèñêðåòíî-íåïåðåðâíi êðàéîâi çàäà÷i äëÿ íàéïðîñòiøèõ êâàçiäèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó

äå ìàòðèöi B (xk, xi) òà âåêòîðè Z̄i îá÷èñëþþòüñÿ çà
ôîðìóëàìè (13) i (15) âiäïîâiäíî, ïðè÷îìó Z̄0 = 0,
S̄n = 0, B (xk, xk) = E.

Äî ïî÷àòêîâî¨ çàäà÷i (9)�(10), ÿê âiäîìî [2], çâîäÿ-
òüñÿ é áàãàòîòî÷êîâi çàäà÷i. Íàãàäà¹ìî ñõåìó òàêîãî
çâåäåííÿ íà ïðèêëàäi êðàéîâî¨ (äâîòî÷êîâî¨) çàäà÷i,
äîäàâøè äî ñèñòåìè (9) êðàéîâi óìîâè âèãëÿäó

PȲ (x0) +QȲ (xn) = Γ̄, (17)

äå P i Q � êâàäðàòíi m × m ìàòðèöi ç äiéñíèìè
åëåìåíòàìè, Γ̄ � m-âèìiðíèé âåêòîð äiéñíèõ ÷èñåë.
Ùîá ñêîðèñòàòèñü ôîðìóëîþ (16), âèðàçèìî ïî÷à-

òêîâèé âåêòîð Ȳ 0 df= Ȳ (x0) ç óìîâè (17), çàóâàæèâøè
ïðè öüîìó, ùî

Ȳ (xn) = P̄n = B (xn, x0) Ȳ
0 +

n∑
i=0

B (xn, xi)Z̄i.

Äàëi ïîñëiäîâíî îòðèìó¹ìî

PȲ 0 +QP̄n = Γ̄ ⇔ PȲ (x0) +QȲ (xn) = Γ̄ ⇔

⇔ PȲ 0 +Q

[
B (xn, x0) Ȳ

0 +
n∑
i=0

B (xn, xi) Z̄i

]
= Γ̄ ⇔

⇔ [P +QB (xn, x0)] Ȳ
0 +Q

n∑
i=0

B (xn, xi) Z̄i = Γ̄.

Çâiäñè

Ȳ 0=[P +QB (xn, x0)]
−1

[
Γ̄−Q

n∑
i=0

B (xn, xi)Zi

]
.

(18)
Îòæå, îòðèìàíî òàêèé ðåçóëüòàò
Òåîðåìà 2.2. Çà óìîâè

det [P +QB (xn, x0)] ̸= 0

iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (9), (17), ùî
íà âiäðiçêó [xk, xk+1) ïîäà¹òüñÿ ó âèãëÿäi (16) ç ïî-
÷àòêîâèì âåêòîðîì Ȳ 0, ÿêèé îá÷èñëþ¹òüñÿ çà ôîð-
ìóëîþ (18).

III. Ðîçâ'ÿçóâàííÿ âèõiäíèõ êðàéîâèõ
çàäà÷ ìåòîäîì ¨õ çâåäåííÿ äî åêâi-
âàëåíòíèõ ñèñòåì

A Çàäà÷à (5), (8).

Çà äîïîìîãîþ âåêòîðiâ

Ȳ =
(
y, y[1]

)T
, R̄k = (0, rk)

T
, S̄k = (0, sk)

T

òà ìàòðèöi:

Ak =

(
0 1

λk

0 0

)
, k = 0, n− 1

ÊÄÐ (5) çâåäåòüñÿ äî åêâiâàëåíòíî¨ ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü 1-ãî ïîðÿäêó âèãëÿäó (9)

Ȳ ′=

0
n−1∑
k=0

1
λk

Θk

0 0

 Ȳ +

 0
n−1∑
k=0

rkΘk

+

 0
n−1∑
k=0

skδk


(19)

Êðàéîâi óìîâè (8) òàêîæ çàïèøåìî ó ìàòðè÷íîìó
âèãëÿäi (17), çàóâàæèâøè, ùî â öüîìó âèïàäêó

P = (pij) , Q = (qij) , Γ̄ = (γ1, γ2)
T
, i, j = 1, 2;

Ȳ (x0) =
(
y0, y

[1]
0

)T
, Ȳ (xn) =

(
yn, y

[1]
n

)T
.

Ëåãêî ïåðåêîíàòèñü áåçïîñåðåäíüîþ ïåðåâiðêîþ,
ùî ìàòðèöÿ Êîøi Bk (x, s) ñèñòåìè, ÿêà ¹ àíàëîãîì
ñèñòåìè (12)

Ȳ ′
(k) =

(
0 1

λk

0 0

)
Ȳ(k), k = 0, n− 1

ìà¹ âèãëÿä

Bk (x, s) =

(
1 x−s

λk

0 1

)
. (20)

Öå äà¹ ìîæëèâiñòü çà äîïîìîãîþ ôîðìóëè (16)
ïîáóäóâàòè ðîçâ'ÿçîê Ȳk (x) äâîòî÷êîâî¨ çàäà÷i (5),
(8) øëÿõîì çâåäåííÿ ¨¨ äî çàäà÷i Êîøi. Ñëiä çàóâà-
æèòè, ùî äîáóòîê ìàòðèöü âèãëÿäó (20) ìà¹ ïðîñòó
ñòðóêòóðó, à ñàìå, ÿêùî

A1 =

(
1 a1
0 1

)
, A2 =

(
1 a2
0 1

)
,

òî

A1 ·A2 =

(
1 a1 + a2
0 1

)
.

Ó çâ'ÿçêó ç öèì i âèêîðèñòîâóþ÷è ôîðìóëè (13),
ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ îòðèìó¹ìî

B (xk, xi)=

1
k−1∑
j=i

xj+1−xj

λj

0 1

=

1
k∑

j=i+1

djx
λj−1

0 1


(21)

Òîäi

Bk (x, xk)B (xk, xi)=

1 x−xk

λk
+

k∑
j=i+1

djx
λj−1

0 1


Îá÷èñëèìî ùå

x∫
xk

Bk (x, s) R̄kds =

x∫
xk

(
1 x−s

λk

0 1

)(
0
rk

)
ds =

=

(
rk
2λk

(x− xk)
2

rk (x− xk)

)
. (22)
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Çãiäíî ç (15) ìà¹ìî

Z̄i =

(
ri−1

2λi−1
(dix)

2

ri−1dix+ si

)
, i = 1, n, (23)

ïðè÷îìó Z̄0 = (0, 0)
T
, sn = 0.

Ôîðìóëè (21)�(23) äàþòü ìîæëèâiñòü ïîâíiñòþ
îïèñàòè ñòðóêòóðó ðîçâ'ÿçêó Ȳk (x) .

Ïðèêëàä 1. Çíàéòè ðîçâ'ÿçîê ÊÄÐ (5) çà êðà-

éîâèõ óìîâ:

{
y (x0) = β0,

αy (xn) + y[1] (xn) = αβn,
(24)

äå α, β0, βn � çàäàíi ÷èñëà.

Ðîçâ'ÿçóâàííÿ. Îá÷èñëèìî ñïî÷àòêó

Bk(x, xk)

k∑
i=0

B (xk, xi) Z̄i=

k∑
i=0

B (x, xk)B (xk, xi) Z̄i==

k∑
i=1

1 x−xk

λk
+

k∑
j=i+1

djx
λj−1

0 1

( ri−1

2λi−1
(dix)

2

ri−1dix+si

)
=

=
k∑
i=1

 ri−1

2λi−1
(dix)

2
+[ri−1dix+ si]

[
x−xk

λk
+

k∑
j=i+1

djx
λj−1

]
ri−1di + si

 =

=


k∑
i=1

ri−1

2λi−1
(dix)

2
+ [ri−1dix+ si]

[
x−xk

λk
+

k∑
j=i+1

djx
λj−1

]
k∑
i=1

[ri−1dix+ si]

 .

Êðiì òîãî, äëÿ äîâiëüíîãî ïî÷àòêîâîãî âåêòîðà Ȳ 0 =
(
y0, y[1]0

)T
îòðèìó¹ìî:

Bk (x, xk)B (xk, x0) Ȳ
0 =

1 x−xk

λk
+

k∑
j=1

djx
λj

0 1

( y0

y[1]0

)
=

y0 +
[
x−xk

λk
+

k∑
j=1

djx
λj

]
y[1]0

y[1]0

 . (25)

Îòæå, íà îñíîâi ôîðìóëè (16) i ç âðàõóâàííÿì (22) òà (25) îòðèìó¹ìî, ùî

Ȳk (x) =

y0 +
[
x−xk

λk
+

k∑
j=1

djx
λj−1

]
y[1]0

y[1]0

+

+


k∑
i=1

ri−1

2λi−1
(dix)

2
+ [ri−1dix+ si] ·

[
x−xk

λk
+

k∑
j=i+1

djx
λj−1

]
+ rk

2λk
(x− xk)

2

k∑
i=1

[ri−1dix+ si] + rk (x− xk)

 (26)

Äëÿ êîíêðåòèçàöi¨ ïî÷àòêîâèõ çíà÷åíü y0, y[1]0 çàïèøåìî êðàéîâi óìîâè (24) ó âèãëÿäi(
1 0
0 0

)(
y0

y[1]0

)
+

(
0 0
α 1

)
P̄n =

(
β0
αβn

)
,

çâiäêè (äèâ.(18)) ìà¹ìî

(
y0

y[1]0

)
=

[(
1 0
0 0

)
+

(
0 0
α 1

)
B (xn, x0)

]−1
[(

β0
αβn

)
−
(
0 0
α 1

) n∑
i=0

B (xn, xi) Z̄i

]
=

=

(1 0
0 0

)
+

(
0 0
α 1

)1
n∑
j=1

djx
λj−1

0 1

−1 ( β0
αβn

)
−
(
0 0
α 1

) n∑
i=1

1
n∑

j=i+1

djx
λj−1

0 1

( ri−1

2λi−1
(dix)

2

ri−1dix+ si

) =

=

1 0

α α
n∑
j=1

djx
λj−1

+ 1

−1
 β0

αβn − α
n∑
i=1

{
ri−1

2λi−1
(dix)

2 + (ridi + si) ·
n∑

j=i+1

djx
λj−1

}
−

n∑
i=1

[ri−1dix+ si]

 =

=

(
1 0
α
σ1

1
σ1

)(
β0

αβn − ασ2 − σ3

)
=

(
β0

αβn−αβ0−ασ2−σ3]
σ1

)
.

64 Ìàòåìàòèêà



Äèñêðåòíî-íåïåðåðâíi êðàéîâi çàäà÷i äëÿ íàéïðîñòiøèõ êâàçiäèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó

Îòæå, ìè îòðèìàëè, ùî

y0 = β0;

y[1]0 =
α(βn − β0 − σ2)− σ3

σ1
,

äå ïîçíà÷åíî

σ1 = α
n∑
j=1

djx

λj−1
+ 1;

σ2=
n∑
i=1

 ri−1

2λi−1
(dix)

2+[ridix+ si] ·
n∑

j=i+1

djx

λj−1

 ;

σ3 =
n∑
i=1

[ri−1dix+ si] .

Çàóâàæèìî, ùî óìîâà y0 = y0 ñëiäó¹ íåãàéíî iç
êðàéîâèõ óìîâ (24).

B Çàäà÷à (6), (8).

Ñõåìè ðîçâ'ÿçóâàííÿ öi¹¨ i íàñòóïíî¨ çàäà÷ àíàëîãi÷íi
äî ñõåìè ïîïåðåäíüîãî ïiäðîçäiëó. Âiäìiííîñòi ïîëÿ-
ãàþòü ëèøå â ñòðóêòóðàõ ìàòðèöü Êîøi âiäïîâiäíèõ
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó.
Ó çâ'ÿçêó ç öèì êîìåíòàði äî ðåàëiçàöi¨ òàêèõ ñõåì
áóäóòü çâåäåíi äî ìiíiìóìó.

Ââiâøè ìàòðèöi

Ak =

(
0 1

λk

0 − 2
x

)
, k = 0, n− 1

òà, ÿê i â ïîïåðåäíüîìó ïiäðîçäiëi, âåêòîðè

Ȳ =
(
y, y[1]

)T
, R̄k = (0, rk)

T
, S̄k = (0, sk)

T

çâåäåìî ÊÄÐ (6) äî åêâiâàëåíòíî¨ ñèñòåìè

Ȳ ′=

0 1
n−1∑
k=0

1
λk

Θk

0 − 2
x

Ȳ +

 0
n−1∑
k=0

rkΘk

+

 0
n−1∑
k=0

skδk


(27)

ç âiäïîâiäíèìè êðàéîâèìè óìîâàìè â ìàòðè÷íîìó âè-
ãëÿäi.

Ó òàêîìó âèïàäêó ìàòðèöÿ Êîøi ñèñòåìè

Ȳ ′
(k) =

(
0 1

λk

0 − 2
x

)
Ȳ(k), k = 0, n− 1,

ìà¹ âèãëÿä

Bk (x, s) =

(
1 s

λk

(
1− s

x

)
0 s2

x2

)
.

Çàñòîñîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ çà ií-
äåêñîì k, ìà¹ìî

B (xk, xi) =

1 x2i
k−1∑
j=i

1− xi
xj+1

λjxj

0
x2
i

x2
k

 , (28)

äå k > i,B (xk, xk) = E.
Ç îñòàííüî¨ ðiâíîñòi îòðèìó¹ìî

B (x, xk)B (xk, xi)=

1
x2
i

λkxk

(
1− xk

x

)
+ x2i

k−1∑
j=i

1−
xj+1
xj

λjxj

0
x2
i

x2

 .

(29)
Äàëi ìà¹ìî

x∫
xk

Bk (x, s) R̄kds =

x∫
xk

(
1 s

λk

(
1− s

x

)
0 s2

x2

)(
0
rk

)
ds =

=

 rk
λk

(
x2

6 − x2
k

2 +
x3
k

3x

)
rk

x3−x3
k

3x2

 , (30)

Z̄i =

xi∫
xi−1

Bi−1 (xi, s) R̄i−1ds+ S̄i =

=

 ri−1

λi−1

(
x2
i

6 − x2
i−1

2 +
x3
i−1

3xi

)
ri−1

x3
i−x

3
i−1

3x2
i

+ si

 , Z̄0 = 0̄, sn = 0. (31)

Ïðèêëàä 2. Çíàéòè ðîçâ'ÿçîê ÊÄÐ (6) çà êðà-
éîâèõ óìîâ: {

y (x0) = β0;

y (xn) = βn.
(32)

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî

Z̄i
df
=

(
zi

z
[1]
i + si

)
i îá÷èñëèìî, âèêîðèñòîâóþ÷è (29)

Bk (x, xk)
k∑
i=0

B (xk, xi) Z̄i =

k∑
i=0

1
x2
i

λkxk

(
1− xk

x

)
+ x2i

k−1∑
j=i

1−
xj+1
xj

λjxj

0
x2
i

x2

( zi

z
[1]
i + si

)
=

=

k∑
i=0

zi+
(
z
[1]
i +si

)[
x2
i

λkxk

(
1− xk

x

)
+x2i

k−1∑
j=i

1−
xj+1
xj

λjxj

]
x2
i

x2

(
z
[1]
i +si

)
 ;

Îòæå,
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Bk (x, xk)
k∑
i=0

B (xk, xi) Z̄i =

=


k∑
i=1

zi+
(
z
[1]
i +si

)[
x2
i

λkxk

(
1− xk

x

)
+x2i

k−1∑
j=i

1−
xj+1
xj

λjxj

]
k∑
i=0

x2
i

x2

(
z
[1]
i +si

)

(33)

Íà îñíîâi (16) ç âèêîðèñòàííÿì ôîðìóë (28),
(30), (31) òà (33) äëÿ äîâiëüíîãî ïî÷àòêîâîãî âåêòîðà

Ȳ 0 =
(
y0, y[1]0

)T
çàïèñó¹ìî àíàëîã ôîðìóëè (26), à

ñàìå:

Ȳk (x)=

y0+
(

x2
0

λkxk

(
1− xk

x

)
+x20

k−1∑
j=i

1−
xj+1
xj

λjxj

)
y[1]0

x2
0

x2
y[1]0

+

+


k∑
i=1

zi+
(
z
[1]
i + si

)
Gi+

rk
λk

(
x2

6 − x2
k

2 +
x3
k

3x

)
k∑
i=0

x2
i

x2

(
z
[1]
i +si

)
+rk

x3−x3
k

3x2

 ,

äå ïîçíà÷åíî

Gi =
x2i
λkxk

(
1− xk

x

)
+x2i

k−1∑
j=i

1− xj+1

xj

λjxj

Çàïèøåìî òåïåð êðàéîâi óìîâè (32) ó âèãëÿäi

(
1 0
0 0

)(
y (x0)
y[1] (x0)

)
+

(
0 0
1 0

)(
y (xn)
y[1] (xn)

)
=

(
β0
βn

)
,

òîáòî â ôîðìóëi (18) ñëiä ïðèéíÿòè

P =

(
1 0
0 0

)
, Q =

(
0 0
1 0

)
, Γ̄ =

(
β0
βn

)
òà âiäïîâiäíi öié çàäà÷i ìàòðèöi B (xn, x0) i âåêòîð
n∑
i=0

B (xn, xi) Z̄i.

Äàëi ìà¹ìî(
y0

y[1]0

)
=

[(
1 0
0 0

)
+

(
0 0
1 0

)
B (xn, x0)

]−1

×

×

[(
β0
βn

)
−
(
0 0
1 0

) n∑
i=0

B (xn, xi) Z̄i

]
=

(1 0
0 0

)
+

(
0 0
1 0

)1 x20
n−1∑
j=0

1−
xj

xj+1

λjxj

0
x2
0

x2
n



−1

×

×

(β0βn
)
−
(
0 0
1 0

) n∑
i=0

1 x2i
n−1∑
j=i

1−
xj

xj+1

λjxj

0
x2
0

x2
n

( zi

z
[1]
i +si

);

Ââåäåìî ïîçíà÷åííÿ

σi = x2i

n−1∑
j=0

1− xj

xj+1

λjxj
, i = 0, n.

Òîäi îòðèìà¹ìî

(
y0

y[1]0

)
=

1

σ0

(
σ0 0
−1 1

)(β0
βn

)
−

 0
n∑
i=0

[
zi+

(
z
[1]
i +si

)
σi

]=
=

 β0

−β0

σ0
+

βn−
n∑

i=0

[
zi−

(
z
[1]
i +si

)
σi

]
σ0

 .

Îòæå,

y0 = β0, y[1]0 =

βn − β0 −
n∑
i=0

[
zi −

(
z
[1]
i + si

)
σi

]
σ0

.

C Çàäà÷à (7), (8).

ßê ëåãêî ïåðåêîíàòèñü, ÊÄÐ (7) çâîäèòüñÿ äî åêâi-
âàëåíòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî
ïîðÿäêó

Ȳ ′=

0 1
n−1∑
k=0

λkΘk

0 − 1
x

Ȳ+
 0
n−1∑
k=0

rkΘk

+
 0
n−1∑
k=1

Skδk

 . (34)

Ìàòðèöÿ Êîøi ñèñòåìè

Ȳ ′
(k) =

(
0 1

λk

0 − 1
x

)
Ȳ(k), k = 0, n− 1.

ìà¹ âèãëÿä

Bk (x, s) =

(
1 s

λk
ln x

s

0 s
x

)
,

íà îñíîâi ÷îãî îòðèìó¹ìî ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨, ùî äëÿ k > i ñïðàâåäëèâà ôîðìóëà

B (xk, xi) =

1 xi
k−1∑
j=i

ln
xj+1
xj

λj

0 xi

xk

 ,

çâiäêè îòðèìó¹ìî

Bk(x, xk)B(xk, xi)=

1 xi

(
ln x

xk

λk
+
k−1∑
j=i

ln
xj+1
xj

λj

)
0 xi

x

 .

(35)
Äî òîãî æ

x∫
xk

Bk(x, s)R̄k (s) ds=

 rk
λk

(x−xk)
2 ln ex2

x2
k

4
rk(x2−x2

k)
2x

 . (36)

Ââåäåìî ïîçíà÷åííÿ:

Ik (x) =
rk
λk

(x− xk)
2
ln ex2

x2
k

4
; (37)
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I
[1]
k (x) =

rk
(
x2 − x2k

)
2x

; (38)

à òàêîæ

Z̄i =

(
zi

z
[1]
i + si

)
, (39)

äå zi = Ii−1 (xi) , z
[1]
i = I

[1]
i−1 (xi), ïðè öüîìó

z0 = z
[1]
0 = sn = 0.

Ïðèêëàä 3. Çíàéòè ðîçâ'ÿçîê çàäà÷i (7), (8)
çà óìîâ: {

y (x0) = β0,

y[1] (xn) = β
[1]
n .

(40)

Ðîçâ'ÿçàííÿ. Íà îñíîâi (35) (ïðè i = 0) äëÿ äî-

âiëüíîãî ïî÷àòêîâîãî âåêòîðà Ȳ 0 =
(
y0, y[1]0

)T
ìà¹ìî

Bk (x, xk)B (xk, x0) Ȳ
0 =

=

y0 + x0

(
ln x

xk

λk
+
k−1∑
j=0

ln
xj+1
xj

λj

)
y[1]0

x0

x y
[1]0

 . (41)

Íåîáõiäíî ùå îá÷èñëèòè

Bk (x, xk)

k∑
i=0

B (xk, xi) Z̄i =

=


k∑
i=0

[
zi+xi

(
z
[1]
i +si

)(
ln x

xk

λk
+
k−1∑
j−i

ln
xj+1
xj

λj

)]
1
x

k∑
i=0

[
xi

(
z
[1]
i + si

)]

(42)

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (41), (42) òà (36)
îòðèìó¹ìî

Ȳk (x) =

y0 + x0

(
ln x

xk

λk
+
k−1∑
j=0

ln
xj+1
xj

λj

)
y[1]0

x0

x y
[1]0

+

+


k∑
i=0

{
zi + xi

(
z
[1]
i + si

)(
ln x

xk

λk
+
k−1∑
j=i

ln
xj+1
xj

λj

)}
1
x

k∑
i=0

xi

(
z
[1]
i + si

)
+

+

(
Ik (x)

I
[1]
k (x)

)
(43)

ßê i â ïîïåðåäíiõ ïðèêëàäàõ, çàïèøåìî êðàéîâi
óìîâè (40) â ìàòðè÷íié ôîðìi:

(
1 0
0 0

)(
y (x0)
y[1] (x0)

)
+

(
0 0
0 1

)(
y (xn)
y[1] (xn)

)
=

(
β0

β
[1]
n

)
,

äå

P =

(
1 0
0 0

)
, Q =

(
0 0
0 1

)
, Γ̄ =

(
β0

β
[1]
n

)
.

Îñêiëüêè

B (xn, x0) =

1 x0
n−1∑
j=0

ln
xj+1
xj

λj

0 x0

xn

 ,

n∑
i=0

B (xn, xi)Z̄i=


n∑
i=0

{
zi + xi

(
z
[1]
i + si

) n−1∑
j=i

ln
xj+1
xj

λj

}
1
xn

n∑
i=0

xi

(
z
[1]
i + si

)
,

òà íà îñíîâi (18) îòðèìó¹ìî:

(
y0

y[1]0

)
=

[(
1 0
0 0

)
+

(
0 0
0 1

)
B (xn, x0)

]−1

×

×

[(
β0

β
[1]
n

)
−
(
1 0
0 0

) n∑
i=0

B (xn, xi) Z̄i

]
=

=

[(
1 0
0 0

)
+

(
0 0
0 1

)(
1 x0σ1
0 x0

xn

)]−1

×

×
[(

β0

β
[1]
n

)
−
(
1 0
0 0

)(
σ2
σ3

xn

)]
,

äå

σ1 =
n−1∑
j=0

ln
xj+1

xj

λj
,

σ2 =
n∑
i=0

zi + xi

(
z
[1]
i + si

) n−1∑
j=i

ln
xj+1

xj

λj


σ3 =

1

xn

n∑
i=0

xi

(
z
[1]
i + si

)
.

Îòæå, ìà¹ìî

(
y0

y[1]0

)
=

 β0

xnβ
[1]
n −

n∑
i=0

xi

(
z
[1]
i + si

) .

Îòæå, ó ôîðìóëi (43) ñëiä ïðèéíÿòè:

y0 = β0, y
[1]0 =

xnβ
[1]
n −

n∑
i=0

xi

(
z
[1]
i + si

)
x0

.
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Ð.Ì. Òàöié, Ì.Ô. Ñòàñþê, Î.Î. Âëàñié

Ôiçè÷íà iíòåðïðåòàöiÿ îòðèìàíèõ ðå-
çóëüòàòiâ òà âèñíîâêè

Ó ïðèêëàäíèõ çàäà÷àõ äîâîëi ÷àñòî çóñòði÷àþ-
òüñÿ ñèòóàöi¨, êîëè îäíà é òà æ ìàòåìàòè÷íà ìîäåëü
(çîêðåìà êðàéîâà çàäà÷à) îïèñó¹ ðiçíi ïðîöåñè. Òèïî-
âèé ïðèêëàä � çàäà÷i ïðî ïîïåðå÷íi êîëèâàííÿ ñòðó-
íè, ïîçäîâæíi òà êðóòèëüíi êîëèâàííÿ ñòðèæíiâ òî-
ùî.

Îäíi¹þ ç iíòåðïðåòàöié êðàéîâèõ çàäà÷ (5)�(8),
(6)�(8) òà (7)�(8) ¹ ïðîáëåìà ðîçðàõóíêó ñòàöiîíàð-
íîãî òåìïåðàòóðíîãî ïîëÿ â áàãàòîøàðîâèõ òiëàõ [3]
ç óðàõóâàííÿì ÿê íåïåðåðâíèõ, òàê i çîñåðåäæåíèõ
âíóòðiøíiõ äæåðåë òåïëà.

ßêùî â ðiâíÿííÿõ (5), (6), (7) ôóíêöiþ y (x)
iíòåðïðåòóâàòè ÿê òåìïåðàòóðó, à êâàçiïîõiäíó
y[1] (x) = λy′ (x) ÿê òåïëîâèé ïîòiê, òî çàäà÷à (5), (8)
îïèñó¹ ñòàöiîíàðíèé ïðîöåñ ðîçïîäiëó òåìïåðàòóð-
íîãî ïîëÿ â n-øàðîâié íåñêií÷åííié ïëèòi. Çàäà÷i æ
(6), (8) òà (7), (8) âiäïîâiäíî îïèñóþòü ðîçïîäië òåì-
ïåðàòóðíîãî ïîëÿ â n-øàðîâîìó ïîðîæíèñòîìó íå-
ñêií÷åííîìó öèëiíäði òà â n-øàðîâié ïîðîæíèñòié êó-
ëi. Ïðè öüîìó ó âèïàäêó ïëèòè ïðèïóñêà¹òüñÿ ïîøè-
ðåííÿ òåìïåðàòóðè ëèøå â íàïðÿìêó, ùî ïåðïåíäè-
êóëÿðíèé äî ¨¨ ñòiíîê, à ó âèïàäêó öèëiíäðà é êóëi �
âèíÿòêîâî â ðàäiàëüíîìó íàïðÿìêó.

Ó ïðèêëàäi 1 êðàéîâi óìîâè (24) îçíà÷àþòü, ùî íà
ëiâié (x = x0) ñòiíöi çàäàíà òåìïåðàòóðà, à íà ïðàâié
(x = xn) ðåàëiçó¹òüñÿ òåïëîîáìií ç íàâêîëèøíiì ñå-
ðåäîâèùåì çà çàêîíîì Íüþòîíà.

Ïðèêëàä 2 iëþñòðó¹ ïðîöåñ ïîøèðåííÿ òåìïå-
ðàòóðè, êîëè íà âíóòðiøíié (x = x0) òà çîâíiøíié
(x = xn) ñôåðè÷íèõ ïîâåðõíÿõ çàäàíà òåìïåðàòóðà.

Â ïðèêëàäi 3 ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè íà âíó-
òðiøíié öèëiíäðè÷íié ïîâåðõíi (x = x0) çàäàíà òåì-
ïåðàòóðà, à íà çîâíiøíié (x = xn) � òåïëîâèé ïîòiê.

Íà çàâåðøåííÿ ìîæíà çðîáèòè òàêi âèñíîâêè:

• çàãàëüíi ðîçâ'ÿçêè êâàçiäèôåðåíöiàëüíèõ ðiâ-
íÿíü (5), (6), (7) äëÿ äîâiëüíîãî n îòðèìóþòüñÿ
â çàìêíåíié ôîðìi òà âèðàæàþòüñÿ âèíÿòêîâî
÷åðåç êîåôiöi¹íòè òà ïðàâi ÷àñòèíè öèõ ðiâíÿíü;

• ìåòîä ïîáóäîâè òàêèõ ðîçâ'ÿçêiâ  ðóíòó¹òüñÿ
íà çâåäåííi äî åêâiâàëåíòíèõ ñèñòåì òèïó (9),
(10). Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü òàêîãî òèïó òàêîæ çîáðà-
æà¹òüñÿ â çàìêíåíîìó âèãëÿäi, ùî ïiäñóìîâàíî
â òåîðåìi 2.1;

• íà îñíîâi çâåäåííÿ êðàéîâèõ çàäà÷ äî ïî÷àòêî-
âèõ ðîáèìî âèñíîâîê, ùî ðîçâ'ÿçàííÿ êîíêðå-
òíî¨ çàäà÷i íå ïðèâíîñèòü ïðèíöèïîâèõ òðóäíî-
ùiâ ïðè çìiíi êðàéîâèõ óìîâ;

• ñòðóêòóðà ðîçâ'ÿçêó çàäà÷i (9), (10) äîçâîëÿ¹
äîñëiäæóâàòè øèðøå êîëî çàäà÷ äëÿ êâàçiäè-
ôåðåíöiàëüíèõ ðiâíÿíü çàãàëüíîãî âèãëÿäó.
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